We study the finite temperature phase diagram of the Heisenberg-Kitaev model on a three dimensional hyperhoneycomb lattice. Using semiclassical analysis and classical Monte-Carlo simulations, we investigate quantum and thermal order-by-disorder, as well as the magnetic ordering temperature. We find the parameter regime where quantum and thermal fluctuations favor different magnetic orders, which leads to an additional finite temperature phase transition within the ordered phase. This transition, however, occurs at a relatively low temperature and the entropic effects may dominate most of the finite temperature region below the ordering temperature. In addition, we explore the magnetization process in the presence of a magnetic field and discover spin-flop transitions which are sensitive to the applied-field direction. We discuss implications of our results for future experiments on a hyperhoneycomb lattice system such as the recently discovered β-Li2IrO3.
I. INTRODUCTION
Recent investigations on 5d transition metal oxides have suggested many interesting spin models and possible candidates of spin-liquid phases in the Mott insulator regime. [1] [2] [3] [4] [5] [6] [7] One particular direction has been the study of materials containing edge-shared iridium-oxygen octahedra: the combination of strong spin-orbit coupling and correlation effects of iridium's 5d electrons can lead to an unusual spin model in the Mott limit where both Heisenberg and Kitaev interactions are present. [8] [9] [10] In search of such a unique spin Hamiltonian in real materials, both theoretical and experimental studies have extensively focused on the two-dimensional honeycomb systems Na 2 IrO 3 and Li 2 IrO 3 .
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A recent experiment by H. Takagi et al. 15 on β-Li 2 IrO 3 strongly suggests the discovery of a three-dimensional lattice system that may realize the HK model in analogy to the twodimensional honeycomb lattice. This hyperhoneycomb system contains tri-coordinated Ir 4+ ions with edge-shared octahedra and the corresponding HK model has been recently studied by Ref. 16-18. In the former two works, the zero temperature phase diagram of the HK model was studied, while in the last work, the strongly anisotropic Kitaev model was explored.
The HK model on the 3D hyperhoneycomb lattice is distinct from the 2D case in several ways and hence offers an exciting new platform for the study of the interplay between spin-orbit and correlation effects. Firstly, unlike the 2D honeycomb, the magnetic ordering temperature can be finite for the pure Heisenberg models in three-dimensional lattices. 19 Second, when the classical ground state is degenerate, both thermal and quantum fluctuations may lift the degeneracy and select a particular ordered state, which is the well-known order by disorder (ObD) mechanism. For the case of a 2D honeycomb lattice, both thermal and quantum fluctuations lift the accidental degeneracy of the classical ground state and favor the same ordered state. They both select spins pointing along cubic directions, resulting in a six-fold degeneracy of the spin order. 19 In general, however, the origin of these two fluctuations-one from zero-point quantum fluctuation energy and another from entropy effects-are different and they could favor different states. For example, in the J 1 -J 2 Heisenberg model on a diamond lattice, it has been suggested that thermal and quantum ObD could favor different states among classically degenerate spiral orders. 20, 21 Another example of the competition between quantum and thermal ObD is studied in the antiferromagnetic Heisenberg model on a pyrochlore lattice in the presence of Dzyaloshinskii-Moriya interactions. 22 In this paper, we study the finite temperature phase diagram of the HK model on the 3D hyperhoneycomb lattice. Within the classical limit, there are four distinct magnetic orders; ferromagnet (FM), Néel, skew-stripy, and skew-zig-zag. We find that both quantum and thermal fluctuations lift the classical degeneracy in the ground state manifold and choose particular collinear spin states in every phase. In a certain parameter regime, quantum and thermal ObD compete and favor different collinear spin states. This interplay between quantum and thermal fluctuations leads to a finite temperature phase transition within the ordered phase in addition to the paramagnetic phase transition. In addition to ObD phenomena, magnetic field effects are also investigated as a guide for future experiments. To be specific, we computed the magnetization process as a function of magnetic field for each phase and discuss how the Heisenberg and Kitaev spin exchange interactions can be extracted from the magnetic field response of the system. The rest of the paper is organized as follows. In Sec.II, we start by introducing the HK model on the 3D hyperhoneycomb lattice. We briefly summarize the zero-temperature phase diagram studied in Ref. 16 and describe key features of HK model. In Sec.III, we present a finite temperature phase diagram of the HK model based on both classical Monte Carlo (MC) simulations and a semi-classical calculation using Holstein-Primakoff linear spin-wave theory. These complementary techniques facilitate the study of a wide range of temperatures and allow us to estimate the magnetic ordering temperature as well as investigate the competition of thermal and quantum ObD. The magnetic field effect is studied in Sec.IV. Using MC simulations, we find a magnetization jump at the saturation field due to a spin-flop transition for certain regions in the phase diagram. We also estimate the saturation field as a function of the ratio of Kitaev interaction to Heisenberg interaction. For comparison, we discuss the field effect within the semi-classical Holstein-Primakoff linear spin-wave theory. We present the angle-averaged saturation field values as well as a more detailed look at the role of applied-field direction. In Sec.V, we summarize our results and discuss predictions that can be tested against future experiments on a hyperhoneycomb lattice systems such as β-Li 2 IrO 3 .
II. HEISENBERG-KITAEV MODEL ON A HYPERHONEYCOMB LATTICE
The HK model on the hyperhoneycomb lattice in the context of β-Li 2 IrO 3 is described in detail in Ref. 16 . Here we recapitulate several points relevant to our current work.
The idealized hyperhoneycomb lattice is composed of edge-shared oxygen octahedra with Ir 4+ ions at their centers. Each Ir site is connected to three other nearest-neighbor Ir ions, thereby generating a tri-coordinated 3D lattice. Since each 5d Ir ion is situated in an octahedral crystal-field environment and atomic spin-orbit coupling is large, the low-energy physics may be described by j eff = 1/2 states. 23 In the presence of Hund's coupling, the strong-coupling limit of such a system with edge-shared octahedra can be described by a HK model with j eff = 1/2 pseudospins at each Ir site. 8 The magnetization operator M = L + 2S (taking the Landè g-factor of the electron to be 2) projected into the j eff = 1/2 subspace yields M = −2J eff and hence we can treat the j eff = 1/2 pseudospins at each Ir site as spins with an effective g-factor of g eff = −2.
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The HK model is
where the first and second terms are the Heisenberg and Kitaev exchanges respectively. Here, ij indicates nearestneighbors i and j, and α-links (α = x, y, z) denote the three bonds in the tri-coordinated hyperhoneycomb lattice. The zero-temperature classical phase diagram contains four magnetic phases. For the antiferromagnetic Heisenberg region (J > 0), two phases are found: the Néel (K/|J| < 1) and skew-stripy (K/|J| > 1). For the ferromagnetic Heisenberg region (J < 0), two other phases are found: the skewzig-zag (K/|J| < −1), and the ferromagnet (FM, K/|J| > −1). Phase transitions occur between the Néel and skewstripy phases at J > 0, K/|J| = 1, as well as between the skew-zig-zag and ferromagnet at J < 0, K/|J| = −1. As we will see in Sec. III, these phase boundaries are pinned to these specific K/|J| values and extend to finite temperatures.
Similar to the 2D honeycomb HK model, a four-sublattice rotation maps J → −J, K → K − 2J. 11, 16, 25 By this exact transformation, the Néel and skew-zig-zag states map onto each other, as do the skew-stripy and FM states. Moreover, the pure antiferromagnetic Heisenberg point maps to the special point J < 0, K/|J| = −2 while the pure ferromagnetic Heisenberg point maps to J > 0, K/|J| = 2, implying that the latter is exactly solvable and that all four of these points have exact SU(2) degeneracy.
Away from these four special points that possess an exact SU(2) symmetry, the HK model possess an accidental SU(2) symmetry at the zero-temperature classical level. 11, 16 Since these accidentally degenerate ground state manifolds will be of primary concern in our discussion of both orderby-disorder and magnetic field response, we now detail the parametrization of the degenerate manifolds used in this work. In the ferromagnetic and Néel regions, the accidental SU(2) symmetry can be parametrized by a 3-vector representing the collinear order. For example, the (100)-, (010)-, (001)-, and (111)-FM states, also denoted as x-, y-, z, and (111)-FM, have every spin directed in the x, y, z, and 111 directions respectively (see Fig.1 for definitions of the x, y, and z axes). Similarly, we also parametrize a general skew-zig-zag (skewstripy) state with a 3-vector n = (n x , n y , n z ), which refers to the state obtained by performing a four-sublattices rotation on the n Néel (FM) state. In our discussion of ObD, we will see that the x, y, and z states play a central role.
Due to the sublattice-dependence of the four-sublattices transformation, the skew-stripy and skew-zig-zag states are non-coplanar in general, as the (111)-skew-stripy state exemplifies in Fig.1 . In contrast, certain states within the degenerate manifolds are coplanar or even collinear. In particular, the (100)-, (010)-, and (001)-skew-stripy/skew-zig-zag states are collinear spin orders, while the (n x n y 0)-, (0n y n z )-, and (n x 0n z )-skew-stripy/skew-zig-zag states are coplanar states. As we will see in Sec.IV, this has important consequences in the magnetic field response of our model.
The low symmetry of the hyperhoneycomb lattice only ensures that magnetic phases related by a Cx +ŷ 2 rotation are symmetry-related (this can be contrasted with the 2D honeycomb lattice, where a C 6 axis is present). In particular, the z-Néel state is distinct from the x-and y-Néel states, but the latter two are symmetry related by the aforementioned Cx +ŷ 2 rotation (the same is true for the skew-zig-zag, skew-stripy, and FM states).
III. FINITE TEMPERATURE PHASE DIAGRAM
Following the zero-temperature phase diagram in Ref. 16 , we explore the finite temperature phase diagram of HK model. As discussed in the previous section, there are four distinct ordered phases : FM, Néel, skew-stripy, skew-zig-zag. Using both MC simulation and a semi-classical analysis, we provide magnetic ordering temperature and particular states favored by quantum-, thermal-ObD in the HK model. For comparison, we show two different phase diagrams: one obtained from MC simulation in Sec.III A and another obtained from Holstein-Primakoff bosons in Sec.III B. We found, in general, the 3D HK hyperhoneycomb model has higher ordering temperatures than the 2D honeycomb lattice as expected. In addition, it turns out that both quantum and thermal fluctuations The (111)-skew-stripy phase on the hyperhoneycomb lattice with the coordinate system shown on the right. Each Ir site is described by a localized jeff = 1/2 pseudospin and is connected with three nearest-neighbors. The α-links are colored red, green, and blue for the x-, y-, and z-bonds respectively. The red, orange, green, and blue pseudospins point in the (1, 1, 1), (−1, −1, 1), (−1, 1, −1), and (1, −1, −1) directions. Note that these pseudospins are non-coplanar and form an 8-sublattice structure, which is a generic feature of the skew-stripy and skew-zig-zag phases. On the other hand, the (100), (010), and (001) skew-stripy/skew-zigzag states (not shown) are collinear spin orders, while (nxny0), (0nynz), and (nx0nz) skew-stripy/skew-zig-zag states (not shown) are coplanar states.
always favor collinear spin states on every phase. However, unlike the 2D honeycomb lattice, there is a certain parameter regime where quantum ObD and thermal ObD compete with each other and such competition results in an additional phase transition below the ordering temperature. Nevertheless, this additional phase transition occurs at the very low temperature, and for most of the temperature range below ordering temperature, the magnetic order chosen by thermal ObD is dominant.
Thermal ObD selects two distinct collinear spin states depending on the parameter regime. When the Heisenberg and Kitaev interactions are frustrated (for the different signs of J and −K) in both unrotated and rotated basis, the system prefers collinear spin states with spins pointing along (001) direction. Otherwise, it prefers collinear spin state with spins pointing along (100) direction or its symmetry equivalent (010) direction. These two types of magnetic order have different nature of phase transitions. For the former case, it belongs to the 3D Ising universality class, allowing collinear spins pointing either (001) or (001) direction. On the other hand, for the latter case, there are four symmetry-related magnetic orders with spins pointing along (100), (100), (010), (010). The domain wall energy for a sharp domain wall between (100) order and (100) order is estimated to be D x,x = (−3J + K) (per bond), which is the same as D y,ȳ on symmetry grounds. However, the domain wall energy between (100) order and (010) order is estimated to be D x,y = (−3J + K)/2 = D x,x /2 and is the same as D x,ȳ = Dx ,y = Dx ,ȳ . Hence, the phase transition of (100)-state (or symmetry equivalent (010)-state) is expected to be equivalent to the one of 3D XY model with Z 4 anisotropy. This Z 4 anisotropy in 3D XY model is dangerously irrelevant and this is studied in Refs.26-29. Thus, the finite temperature transition belongs to the 3D XY universality class. Below, we will discuss the magnetic order and ordering temperature within MC simulation and linear spin wave approximation, but will not attempt to numerically extract the critical exponents at the transition.
A. Classical Monte Carlo simulation
In this section, we study the finite temperature phase diagram of the classical HK model using MC simulations based on the standard Metropolis algorithm. In our simulations, we treat the spins as three dimensional unit vectors,
For every data point, we use 10 6 number of MC sweeps and thermalization to simulate the system size up to L = 12 for the total number of sites N = 4L
3 . Fig.2 shows the finite temperature phase diagram as a function of K/|J| for both FM J (J < 0) and AF J (J > 0). We emphasize that there is one to one mapping between FM J and AF J, based on a four-sublattice rotation introduced in Sec.II. Such basis rotations map the ferromagnetic (FM) phase to the skew-stripy phase, and the skew-zig-zag phase to the Néel phase (and vice versa). In Fig.2 , the upper horizontal axis is for AF J and the lower horizontal axis is for FM J. For FM J, there are two distinct phases: the FM phase and the skew zig-zag phase. The energy crossing between these two states occurs at K/|J| = −1. For AF J, there are also two phases: the Néel phase and the skew-stripy phase. The phase transition occurs at K/|J| = 1. Since a four-sublattice rotation maps J → −J and K → K − 2J, the phase diagram of FM J can be made consistent with the one for AF J by shifting K/|J| by a constant of 2. The blue line indicates the ordering temperature of the classical HK model. Unlike the case of the 2D honeycomb lattice, the ordering temperature is finite even at pure Heisenberg points K/|J| = 0 for J > 0 and J < 0 and their equivalent points K/|J| = ±2 for ±J > 0 after a four-sublattice rotation. The phase transition between Néel phase and skew-stripy phase (or the phase transition between skew zig-zag phase and FM phase) occurs at K/|J| = 1 (or K/|J| = −1) with ordering temperature T c /|J| ≈ 0.1. The ordering temperature is largely suppressed at this transition point due to the magnetic frustration. Two black dotted lines are for the exactly solvable Heisenberg points; pure (anti-) ferromagnetic Heisenberg model at K/|J| = 0 for J > 0 and J < 0 and their equivalent points K/|J| = ±2 for ±J > 0 after a four-sublattice rotation.
There are two distinct regimes in every ordered phase (FM, Néel, skew-stripy and skew zig-zag) where thermal ObD selects collinear spin states with spins pointing along either the perature, whereas, both x and y components of magnetization both have a peak at zero. Once we find thermal ObD effect for either FM phase or Néel phase, one-to-one mapping between FM J and AF J automatically tells us that similar entropic selection for the skew-stripy and skew-zig-zag phases occur as well. We notice that the thermal fluctuations select collinear spin states with spins pointing along (001) direction, when the Heisenberg and Kitaev interactions are frustrated (i.e. the signs of J and −K are different) in both unrotated and rotated basis. Otherwise, the system favors the collinear spin states with spins pointing along (100) direction or its symmetry equivalent (010) direction. The free energy calculation from fluctuating fields at the Gaussian level also shows such global selection by entropy effect. (See Appendix.VI A for details)
B. Linear spin wave theory
Competition between thermal and quantum order-by-disorder
Thermal order-by-disorder selects states within the classically degenerate ground state manifold that have the largest thermal fluctuations: an entropic effect. In contrast, quantum order-by-disorder selects states with largest quantum fluctuations and occurs at sufficiently low temperatures when entropic effects are negligible. Since the selection criteria are different between these two mechanisms, the states that are preferred by each can also differ. If the selected ground states do differ and are described by different order parameters, a first-order phase transition is expected at finite temperature. To investigate such a possibility, we analyze the quantum and thermal spin fluctuations at zero and finite temperature about the classical ground state via Holstein-Primakoff linear spinwave theory. As we will see, the results of this section will also complement those obtained in our classical Monte Carlo simulations (see Sec.III A).
Parameterizing the classical degeneracy by n (see Sec.II), the n-dependent contribution to the free energy can be written as
where T is temperature and ω k ( n) is the linear spin-wave spectrum that is dependent on n (the band index has been suppressed). In computing the linear spin-wave dispersion, magnon-magnon interactions have been ignored and only quadratic terms have been retained. We have also taken S = 1/2 to represent the j eff = 1/2 pseudospins of β-Li 2 IrO 3 in the strong-coupling limit. By minimizing the free energy in respect to n at both zero and finite temperatures, we can examine the interplay of quantum ObD and thermal ObD. In Eq.(2), the first term is the free energy of the thermal fluctuations while the last term is the zero-point quantum fluctuation energy correction to the classical energy. Competition between thermal ObD and quantum ObD can occur if the second and last terms possess different global minima in the ground state manifold. A firstorder transition will be present if these minima do not possess symmetry-related order parameters. For concreteness, let us now explore this possibility in the Néel and skew-stripy region of the phase diagram-the results for the skew-zig-zag and ferromagnetic regions can be obtained via the four-sublattices rotation introduced earlier (the phase diagram in Fig.3 shows K/|J| axes for both J > 0 and J < 0).
Néel (J > 0, K/|J| < 1): Both quantum ObD and thermal ObD select the same state for a given K/|J|. The x-Néel is selected for K/|J| < 0 while the z-Néel is selected for 0 < K/|J| < 1. This is shown in Fig.3 . Both the selected states and the phase boundary at K/|J| = 0 match those obtained via our classical Monte Carlo simulations. We note that at the pure antiferromagnetic Heisenberg point, SU(2) symmetry is restored and the accidental degeneracy of the ground state manifold becomes exact hence no ObD is present.
Skew-stripy (J > 0, K/|J| > 1): When 1 < K/|J| < 2, both quantum ObD and thermal ObD select the z-skew-stripy phase, which is in agreement with our classical Monte Carlo results. On the other hand, for 2 < K/|J| 8.3, quantum ObD selects the z-skew-stripy phase, but thermal fluctuations prefer the x-skew-stripy phase. At temperatures of the order T ≈ 0.03 J, a first-order phase transition between these two skew-stripy phases is present, as seen in Fig.3 . At T 0.03 J, the states selected by thermal ObD as well as the phase boundary at K/|J| = 2 match the results of our classical Monte Carlo results. We again note that the K/|J| = 2 point is the pure ferromagnetic Heisenberg point in the rotated basis, hence SU(2) symmetry is restored and no ObD mechanism is present.
Ordering temperature
Using linear spin-wave theory, we can also estimate the magnetic ordering temperatures and compare the results with those estimated from our Monte Carlo simulations. We define the ordering temperature as the temperature at which the order parameter (local magnetization) vanishes. Despite the breakdown of linear spin-wave theory when fluctuations are large, this definition would serve as a rough upper-bound of the critical temperature between the ordered phase and the paramagnetic phase. Due to the four-sublattices rotation, this estimate of the ordering temperature applies equally to both antiferromagnetic (J > 0) and ferromagnetic (J < 0) Heisenberg exchanges. In Fig.3 , the calculated ordering temperatures as a function of K/|J| is shown. We remark that we cannot make a quantitative comparison between the ordering temperature found within classical Monte Carlo and within this spin-wave calculation (the former method considers rigid spins of length |S| = 1 and incorporates nonlinear interactions while the latter describes quantum mechanical spins with S = 1/2 within linear spin wave approximation), the general trend of decreasing ordering temperature near the phase boundary between the skew-stripy and Néel region at K/|J| = 1 is consistent between the two calculations (likewise for the phase boundary between the FM and skew-zig-zag region at K/|J| = −1). Linear spin-wave theory estimates that the ordering temperature approaches zero as K/|J| approaches this phase boundary. However, the computed fluctuations in the local magnetization becomes comparable to the local magnetization itself, signaling the breakdown of linear spin-wave theory, hence the estimated ordering temperature may be significantly modified by magnon interactions at this phase boundary.
IV. MAGNETIC FIELD RESPONSE
The magnetic field response will be useful to clarify the nature of the magnetic order in real materials since the response depends sensitively on the ordering of the spins. In this section, we study the magnetic field response based on both MC simulation in Sec.IV A and a semi-classical analysis in Sec.IV B. Except for the FM case where the field effect is trivial, we estimate the saturation field and its directional dependence in each phase. For the skew-stripy and skewzig-zag phases, the spin-flop transition is present for general field directions. This originates from the fact that the general skew-stripy and skew-zig-zag phases are neither collinear nor coplanar. For future experiments, we also compute the angleaveraged saturation field on each ordered phase.
A. Classical Monte Carlo
Simple analysis for the saturation field has already been reported in Ref. 16 . Here, we extend that study by investigating the directional dependence of the magnetic field response on each phase at finite temperature using MC simulation. Including magnetic field h, the Heisenberg-Kitaev model can be written as
Here, the magnetic field h includes the Landè g-factor. Thus, for a given spin magnitude S, the magnetic field is scaled as g/S. Unlike our zero-field results, we will need to examine the saturation field of each magnetic phase separately since the four-subalttices rotation transforms a uniform field in the unrotated basis to a site-dependent field in the rotated basis. We also note that, in principle, the (001)-and (100)-states within the same phases show different magnetic field response when the field strength is comparable to the free energy difference between those two states (∆F/T ∼ 10 −4 ). However, when the field strength is substantially larger than the free energy difference, the magnetic field response of these two phases will be indistinguishable.
Néel phase: When the magnetic field is applied in the Néel phase, the uniform magnetization is developed along the field direction, having the Néel order on its basal plane. This results in spin canting and the energy in terms of canted spin angle θ out of Néel phase is
The saturation field is h sat = 6J − 2K where the canting angle θ becomes π/2. Skew-stripy phase: When the magnetic field is applied perpendicular to the spin directions of either the (001)-or the (100)-skew-stripy phases, the uniform magnetization is developed along the field direction, resulting in spin canting similar to the Néel phase. The energy in terms of canted spin angle θ out of skew-stripy phase is
In this case, the saturation field is h (100) sat = 4J which is independent of Kitaev interaction K. On the other hand, when the magnetic field direction is not perpendicular to the direction of the spin order in the skew-stripy phase, say h = h/ √ 3(111), there is no way to develop uniform magnetization along the field direction and have skew-stripy phase on its perpendicular plane. In principle, the skew-stripy phase belongs to neither collinear nor coplanar spin order except for special cases like (001)-,(100)-skew-stripy phases where both cases have collinear spin order. Therefore, the skew-stripy phase cannot be established perpendicular to the field direction in general. For a small field, (001)-,(100)-skew-stripy phase is still robust and the system develops uniform magnetization perpendicular to its direction. In the presence of a large magnetic field, however, the Zeeman energy overcomes the spin exchange energy and the skew-stripy phase is eventually destroyed and all spins are polarized along the field direction. Fig.4 shows the magnetization as a function of magnitudes h for h = h/ √ 3(111) at K/J = 4 and J > 0. Red, purple and blue points are MC results (lines are drawn as a guide to the eye) for finite temperatures T /J = 0.05, 0.1 and 0.5 respectively. Black line is the magnetization curve obtained from energy minimization of H h for zero temperature T /J = 0. As we expected, the (100)-skew-stripy phase is still present and uniform magnetization is developed perpendicular to the (100) direction for a small field h < h sat . At the saturation field h sat /J ≈ 2.7, the spins are suddenly all polarized along the field direction, resulting in a magnetization jump. Such a magnetization jump corresponds to the spin-flop transition from (100)-skew-stripy phase to fully polarized spin orders along the field direction h//(111). Fig.5 shows the saturation field h sat /J for three different cases as a function of K/J in the skew-stripy phase. Black line is the saturation field when the field is applied along (100) direction. As discussed before, the saturation field is h (100) sat = 4J, which is independent of the Kitaev interaction K. Blue line is the saturation field h of H h in Eq.(3). In this case, since the skew-stripy phase is stabilized by the interplay between AF Heisenberg interaction (J > 0) and FM Kitaev interaction (
sat /J varies near the phase boundary K/J = 1 but eventually saturates for large K/J to h sat /J ≈ 2.6. Red line is the angle-averaged saturation field h skew-zig-zag phase: In the skew-zig-zag phase, AF Kitaev interaction competes with Zeeman energy unlike the case for the skew-stripy phase and the saturation field does depend on both Heisenberg and Kitaev interactions even when the field is applied perpendicular to the collinear spin order. For the field perpendicular to the spin order in (001)-,(100)-zigzag phase, the energy in terms of canted spin angle θ out of skew-zig-zag phase is
(6) This leads the saturation field to be h sat = 2J − 2K for the field perpendicular to the spin order in (001)-,(100)-zig-zag phase. Similar to the case of the skew-stripy phase, the skewzig-zag phase does not belong to either collinear or coplanar spin order in general. Hence, for general directions of magnetic field, one can expect a similar magnetization jump like the case of the skew-stripy phase. Fig.6 shows the magnetization as a function of magnetic field h/J for h = h/ √ 3(111) at K/|J| = −4 and J < 0. The spin-flop transition is present at h sat /J ≈ 4.3. For h < h sat , the uniform magnetization is linearly increasing with increase of magnetic field h. We note that the eight sublattices magnetic order is stabilized to minimize both AF Kitaev spin interaction and Zeeman energy. Fig.7 represents the saturation field for three different cases as a function of K/|J| within the skew-zig-zag phase. Black line is for the saturation field when the field is along (100) direction, h 
B. Linear spin wave theory
The saturation field at zero temperature can also be computed within linear spin-wave theory. By applying a sufficiently large field, the classical ground state is ferromagnetically ordered in the direction of the magnetic field. We then consider the spin-wave spectrum about such an ordered state and lower the magnetic field strength until the spin-wave spectrum becomes gapless. Further decrease in the applied-field strength will render the classical ferromagnetic state unstable, indicating that the saturation field has been reached. Although the magnetization curve and spin-flop transitions revealed in the previous section could not be obtained within this approach, linear spin-wave theory allows us to efficiently compute h sat with arbitrary field directions and perform angleaverages, which are of particular experimental interest for single-crystal, polycrystalline, and powder samples.
Similar to Sec.IV A, we set the spin magnitude S and Landè g-factor to be arbitrary: the magnetic field is in units of g/S.
Néel (J > 0, K/|J| < 1): All the Néel states within the ground state manifold are collinear, hence no spin-flop transition is expected at field strengths larger than the quantum zeropoint energy splitting (which is smaller than 10 −3 |J|). This also implies that the saturation field does not depend on the applied direction. The angle-averaged saturation field found is exactly h ave sat = 6J − 2K, which agrees with the expression obtained from Eq.(4).
Skew-stripy (J > 0, K/|J| > 1): For fields applied perpendicular to the collinear skew-stripy order, h sat = h (100) sat = 4 J is independent of K/|J|. In Fig.8a ) and 8b), we also see that the saturation field is sensitive to the field direction due to the spin-flop transition and it is reduced when the field is applied in the 111 -direction with h sat ≈ 0.75h
The K/|J| dependence is manifested in the solid angle where the saturation field is reduced: Fig.8a ) (K/|J| = 1.5) has a smaller solid angle with reduced h sat compared to Fig.8b ) (K/|J| = 3.0). This implies that the angle-averaged saturation field will decrease as K/|J| increases, which can be seen in Fig.5 (h ave sat approaches 3.4 J with increasing K/|J|). We also note that the h ave sat is largely independent of K/|J|. Skew-zig-zag (J < 0, K/|J| < −1): The saturation field of the skew-zig-zag phase also possesses directional dependence due to the general non-coplanar nature of the skewzig-zag phase that causes the spin-flop jump in magnetization. This is readily seen in Fig. 8c and Fig.8d . Contrasting with the skew-stripy phase, as |K/J| increases, the region with reduced saturation field decreases in size. This can Related to future experiments on the material, we suggest estimating the magnitudes of the Heisenberg and Kitaev interactions J, K based on our theory. From experiments, one can measure the Curie-Weiss temperature Θ CW , ordering temperature T c , and saturation field h sat . In the high temperature limit, the Curie-Weiss temperature is given by Θ CW = (K − 3J)/4 (for S = 1/2). Since we obtained an estimation of the saturation field and the ordering temperature from MC simulation for each magnetic phase, we can
Skew-zig-zag For the skew-stripy and skew-zig-zag phases, the quoted result of ΘCW/h ave sat is for fields along (100), however, this is a good approximation to the angle-averaged result (which is slightly smaller in magnitude).
estimate the actual values of J and K based on these three parameters and speculate which ordered phase is realized in the real material. Table. I shows the ratio of Curie-Weiss temperature Θ CW to angle-averaged saturation field h ave sat for different ordered states (details are discussed in Sec.IV). From the observation of the saturation fields listed in Table. I, one can point out that in the Néel and skew-zig-zag phase, the system can have small h ave sat even when exchange interactions J and K are large, due to the cancellation between them. On the other hand, if the system is in the skew-stripy phase, the saturation field can serve as an estimation of J.
In summary, we studied the finite temperature phase diagram of the Heisenberg-Kitaev (HK) model on a 3D hyperhoneycomb lattice. Based on classical MC simulation and a semi-classical analysis using Holstein-Primakoff bosons, we investigated the magnetic ordering temperatures and ObD effects in the HK model. Unlike the case for the 2D HK model on the honeycomb lattice, the ordering temperature is finite even in the limit of the pure (anti-) ferromagnetic Heisenberg points K/|J| = 0 and their equivalent points K/|J| = ±2 for ±J > 0 after the four-sublattice rotation. In addition, the overall energy scale of ordering temperatures in the HK model on the 3D hyperhoneycomb lattice is higher than the ones on the 2D honeycomb lattice as expected. 19 Based on the MC simulation, one can see that the ordering temperature is largely suppressed at the transition point K/|J| = ±1 for ±J > 0 due to the magnetic frustration. Away from the transition point, however, the ordering temperature T /|J| increases with increase of K/|J|. Linear spin-wave theory also shows the same trend of ordering temperature and it reasonably estimates the ordering temperature compare to the MC simulation. We also studied ObD effects from both thermal and quantum fluctuations. These two different types of fluctuations compete with each other and they favor different magnetic orders in a certain parameter region. Just below the ordering temperature, the entropy effect is large and the states selected by thermal ObD are favored. At very low temperatures, however, zero-point quantum fluctuations are dominant and the states selected by quantum ObD are favored. Such competition between thermal ObD and quantum ObD results in an additional phase transition below the ordering temperature. Finally, we investigated the magnetization process and the saturation field as a function of J and K for each phase. For general field direction, we found that the spin-flop transition is present in both skew-stripy phase and skewzig-zag phase. Such spin-flop transitions originate from the non-coplanar character of the general skew-stripy/skew-zigzag spin order. For comparison with future experiments, we have also investigated in detail the directional dependence of the saturation field and calculated the angle-averaged saturation field at zero-temperature.
VI. APPENDIX A. Free energy calculation
In this Appendix, we discuss the free energy calculation in the ferromagnetic phase for K/|J| > 1 and J < 0 and find the state selected by thermal ObD. Let us start from a ferromagnetic ground state and expand fluctuations by writing
whereS is FM order pointing along certain direction and Π i is lying on its basal plane satisfyingS ·Π i = 0. This automatically satisfies a constraint |S i | = 1 and the partition function becomes Z = DS e −βH = DχDφ e −S ,
Here, we keep only quadratic terms of χ and φ assuming that this Gaussian action well behaves at low enough temperature. The free energy F can be represented as
where W a (k) is the a-th eigenvalues of matrix M k defined in Eq.(10), at a given wave vector k. The connection between this classical approach and a semi-classical analysis using Holstein-Primakoff bosons, can be understood in the following way. In high temperature limit, Eq.(2) (in the main text) can be rewritten as
The trace of ln ω k is consistent with trace of 1/2 ln W a (k) in Eq.(10) and in this way, the free energy of semi-classical analysis recovers the free energy of classical approach in high temperature limit. Fig.9 shows the calculated free energy for different FM order with spins along (001), (100), (110), (111) at T /|J| = 1. The free energies of magnetic orders along (001) or (100) are always lower than the others for entire parameter regime of K/|J| within FM order, resulting in either (001)-or (100)-FM states being selected by thermal fluctuations. The free energy difference between those two states are quite small, so we plot the energy difference ∆F/T = (FS =(001) −FS =(100) )/T in Fig.10 . As can be seen in Fig.10 , the free energy difference ∆F/T changes its sign with the sign of Kitaev term K. For K/|J| > 0 where both Heisenberg and Kitaev interactions favor the FM order (unfrustrated case), thermal ObD selects the (100)-FM order. On the other hand, for K/|J| < 0 where Heisenberg and Kitaev interactions are frustrated, thermal ObD favors the (001)-FM order. We also found that such thermal ObD effect exists in the Néel order. For unfrustrated case (both J and K have same sign), thermal fluctuation favors the Néel order with spins pointing along (100), whereas, it favors the Néel order along (001) for frustrated case (when J and K have different signs). As emphasized in Sec.II, the FM order for J < 0 can be directly mapped onto the skewstripy order for J > 0, similarly the Néel order for J > 0 onto the skew-zig-zag order for J < 0, followed by a foursublattices rotation introduced in Sec.II. Hence, one can expect the same thermal ObD effect for both skew-stripy phase and skew-zig-zag phase. 
